Tangential Imagination
Abstract: This dramatization is based upon an actual Calculus II class from a few years ago. The lesson plan had
been to derive the properties of the arc-tangent function from its definition as a definite integral. The students took
the class in a completely different direction. I merely moderated. The class proved quite instructive as it combined
several topics from the typical Calculus II syllabus in the solution to a single problem. The names of both the
innocent and the guilty have been disguised in homage to, and rather inadequate imitation of, Imra Lakatos’s classic
“Proofs and Refutations”.

Professor Pi: Good morning. We have a week left. I thought we’d review a few
topics from a little different perspective. How would you investigate this function?
∫
Beta: It’s the arctan(x).
Professor: Very good, Beta. But what if we had never defined and differentiated
the arctan function? The tangent is not 1-1and does not have a true inverse.
Alpha: We could use partial fractions, instead, maybe?
Beta: Don’t be silly, Alpha. You can’t factor t2 + 1 .
Alpha: Sure you can. It’s (t + i)(t − i) .
Beta: You can’t use complex numbers in calculus, Alpha.
Alpha: Why not?
Beta: Because you can’t. Professor Pi?
Professor Pi: Let’s see what happens. What would you do next, Alpha?
Alpha (picking up chalk): Use the “cover-up” method:

Multiply by (x + i); let x = -i :

So, the integral is:
∫

∫

∫

Beta: But you can’t integrate complex numbers.
Alpha: Why not? The i is just a constant.
Beta: Professor?
Professor Pi: It’s your idea, Alpha. How would you integrate complex functions?
Gamma: A complex number is the sum of a real and an imaginary part. And the
imaginary part is just i times a real number. And i is just a constant. So we split
each integral into its real and imaginary parts and integrate?
Professor Pi: OK, do it.
Gamma (taking the chalk): Dividing complex numbers is multiplying by the
conjugate of the denominator, so:

And times i/2 gives:

Uh-oh.
Beta: Which is where we started. See. I told you this would not work.
Professor Pi: Is that what you had in mind, Alpha.
Alpha (taking back the chalk): Not really. I was thinking the i is just a constant,
so each integral is a natural log.
∫
Beta: So now we have to take the log of a complex number? Logs only exist for
positive real numbers. This is just another dead end.
Professor Pi: How might you take the log of a complex number? Alpha? Class?
What’s that, Delta? Go ahead, Delta. There are no wrong answers.
Delta (picking up chalk): I was thinking that logs are the inverse of exponentials.
And we learned De Moivre’s formula last week:
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So we can do imaginary exponents. And doing it backwards, we get:
;

;

∫
Beta: But that does not help us take the log of x + i or x − i .
Professor Pi: Can we use De Moivre to handle complex numbers like x + i ?
Gamma (taking the chalk): You said points on the plane could be labeled x + iy
rather than (x, y) . In polar coordinates, (x, y) = (rcosθ, rsinθ) . So:
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If we can still use that law of logs?
Professor Pi: Why not? Let’s assume we can.
Gamma: Ok, so what’s the log of x + i ?
Delta (taking back the chalk): What are x + i and x − i in polar coordinates?
Draw a picture:
•x+i
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(φ)

θ

•x−i
Polar coordinates are: r2 = x2 + 1 and tanθ = 1/x . Taking the logs:
𝜽
And θ is the arctan of ….
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Gamma: Not of x , but of 1/x . Did we do something wrong?
Alpha (picking up chalk): We forgot the π/2 .
∫
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Gamma: It’s still not right. We need to get something whose tangent is x …
Professor Pi: My angle is not to compliment all of you, but to give you a hint ...
Delta: Complementary angles? Oh, that’s awful, Professor Pi.
Alpha: But it’s just what we need. Go back to the triangle. The complementary
angle is φ = -θ + π/2 and cotφ = 1/x and hence tanφ = x and we have:
∫
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Delta: Is this all really valid, Professor?
Professor Pi: Yes, it is all really valid. I’m very impressed with all of you:
complex number versions of functions, factors, partial fractions, coordinates,
exponents and logarithms. You’ve created some real mathematics.
Beta: But the answer is just what I said it was in the first place.
Professor Pi: Yes, Beta, you were right. But what a long, strange trip it was.

“We shall not cease from exploration,
and the end of our exploring
will be to arrive where we started
and know the place for the first time.” (T.S. Eliot)

