MAT 221
Lecture Notes: Logic, Part 1



Statements and Logical Connectives

Logical reasoning is used in 



· Contracts

· Computer science

· Laws and regulations

etc.

hence in everyday life
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Definition:
A statement is a declarative sentence that can be classified as either true or false.

Example: 

Note: A statement does not have to be true.

Not a statement:

A simple statement conveys only one idea. Abbreviate p, q, …or any other lower case letter.

Example:

A compound statement  conveys two or more ideas.

Example:

Negation: In a negation, the opposite of the original statement is expressed.

· negating a simple statement: 
not; symbol: ~ ; called “tilde” or “not”.

Example:

· negating a compound statement: It is not the case that…; symbol: ~ (…)

Example:

Note: Such a negated compound negation can be expressed better in an equivalent English sentence. (Discussed later.)

Connectives: combine simple statements to make a compound statement.

To introduce the connectives, let’s use the following example:


Example:
Let 
p: The boots are new.





q: The boots are comfortable.


AND 

(conjunction); 
symbol: 
[image: image1.wmf]Ù

, identical to BUT

Example: 
(Express in symbols using the simple statements given above.) 

The boots are new and they are not comfortable. 


OR 

(disjunction);

symbol: 
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, inclusive “or” (= either, or, or both)

Example: 
(Express in symbols using the simple statements given above.) 

It is not the case that the boots are new or that they are comfortable.


IF THEN

(conditional);

symbol: 
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, sometimes the word “if” is used alone and “then” is implied.

Example: 
(Express in symbols using the simple statements given above.) 

If the boots are not new then they are comfortable.


IF AND ONLY IF 

(biconditional);        symbol: 
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, never split the phrase “if and only if”. It always stays together.

Example: 
(Express in symbols using the simple statements given above.) 

The boots are new if and only if the boots are not comfortable.

Note: 
Always let p, q, etc. stand for a “positive” statement. If you need a “not” in the statement, 

introduce it by using ~ in the symbolic expression after you defined the simple statement.


Example:  
p: I am hungry.




The symbolic version of “I am not hungry” is 

******************************************************************************

Negations of phrases that we do not express symbolically (Negations of quantifiers) 

Example: 
None of the class meetings for my English class are at night.


Negation: 


Which is the same as: 

Example: 
All of these heaters are priced under $50.


Negation: 


Which is the same as: 

Example: 
Some of these computers do not have updated virus software


Negation: 

Example: 
Some family members have had the chicken pox.


Negation: 


Summary:
 
All are / all do….


Some are / some do…





No / none of…..


Some are not / some do not…..


Examples: Negate the following. (You may not use the phrase “It is not the case that…” or start out with “not” in your answer.)

a) Some class days have been missed because of snow and ice.

Negation:

b) All majors require at least one math class.

Negation:

c) None of your contributions are deductible.

Negation: 

d) Some students did not pass the test.

Negation: 

e) Some flights have been cancelled.

Negation: 

f) All students in this freshman class live in the dorms.

Negation: 

***************************************************************************** 

Logic Equivalencies

Two statements are equivalent, symbolized by 
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, if both statements have exactly the same meaning.


Contrapositive
For the original statement 
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Example: 
Let 
p: I win the trip.




q: I go to Europe.

Original statement:  If I win the trip then I will go to Europe.

Original in symbols: 

Contrapositive of given original in words: 

Contrapositive in symbols:


These two statements are equivalent. They have the same meaning   ,  so  
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The Converse 

For the original statement 
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 its converse is  
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and the Inverse

For the original statement 
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 its inverse is  
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Example: 
Let 
p: I win the trip.




q: I go to Europe.

Original statement:  If I win the trip then I will go to Europe.

Original in symbols: 

Converse of the original in words:  

Converse in symbols:

Inverse of the original in words: 

Inverse in symbols:


These two statements are equivalent to each other, but NOT equivalent to the given original statement.


The converse and the inverse are equivalent to each other, so   
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     , just NOT equivalent to the given original statement.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

If the original statement includes negations, we need to adjust our other statements accordingly:

Example: 
Give the contrapositive of the statement: If the soup is hot, then I cannot eat it.
 

Legend: 


Original statement (symbols):


contrapositive (symbols):


Contrapositive in words:

Is this contrapositve equivalent to the original statement?

Example: 
Give the inverse of the following statement: “If I was king/queen of Germany, I would reside in a castle.”


Legend: 


Original statement (symbols):


inverse (symbols) :


Inverse in words:

Is this inverse equivalent to the original statement?

Example: 
Give the converse of the following statement: If you do not explain the problem to me, then I won’t be able to do it.


Legend: 


Original statement (symbols):


converse (symbols):


converse in words:

Is this converse equivalent to the original statement?

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
Given the following conditional statement: If I am not ready, then you will have to wait.

Example:  
Let

p: I am ready.






q: You have to wait. 


Original statement in symbols: 

a) Write the inverse of the above original statement in symbols and words.

The inverse in symbols:


The inverse in words:

b) Write the contrapositive of the above original statement in symbols and words.

The contrapositive in symbols:

The contrapositive in words:

c) Write the converse of the above original statement in symbols and words.

The converse in symbols:

The converse in words:

d) Which pairs of the above four statements (original, inverse, contrapositive, converse) are equivalent? 

The ______________________ is equivalent to the _____________________________ .


The ______________________ is equivalent to the _____________________________

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
De Morgan’s Law (Negating a statement in parentheses): 
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Example: Use De Morgran’s Law to write a simpler equivalent symbolic form of the given statement:

a)   
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b)  
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c) 
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Proof using the Contrapositive


If  a statement cannot be judged easily, sometimes it helps to write the contrapositive of the statement down and look at it instead.  Then you judge whether the contrapositive is true or false and since the statements are equivalent, this also applies to the original conditional statement.

(We do this if the contrapositive is easier to judge than the original statement. Since they are equivalent, we can look at either without changing the “meaning” of the statement)
Example:  Given: If 10 does not divide the natural number, then 5 does not divide the natural number.
Solution: Let 
p: 10 divides the natural number



q: 5 divides the natural number.

The given conditional is: 
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The equivalent conditional statement is: 
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(This is the contrapositive of the original statement)
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 means “If 5 divides the natural number, then 10 divides the natural number”. 

This is easy for us to judge. It is incorrect. Just think of the number 35. It can be divided by 5, but not by 10.

The original statement was FALSE.

*************************************************************************************

Example:
Given statement:




If the triangle is not equilateral, then the three sides of the triangle are not equal.
Legend: 

Given conditional statement in symbols:

The contrapositive of the original (in symbols):

The contrapositive in words:

Is this contrapositive statement true or false?  (Use your geometry knowledge.)

Is the original statement true or false?

The exclusive “or” symbol (= either, or) is � EMBED Equation.3  ���
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